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Abstract. The topological basis associated with Birman-Wenzl-Murakami 
algebra (BWMA) is constructed and the three dimensional forms of braiding 
matrices S have been found for both = S and 5+ = . A familiar 
spin-1 model related to braiding matrix associated with BWMA is discussed. 
The extreme points (6 = ±7r/2 and ±7r) of Li-norm and von Neumann entropy 
are shown to be connected to each other. Through the general discussion and 
examples we then point out that the Li-norm describes quantum entanglement. 
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In the ref.pLj two types of braiding matrices with two distinct eigenvalues, 

i,e. those associated with Temperely-Lieb algebra (TLA) [2^ and their corresponding 

solutions of Yang-Baxter equation (YBE)[3l HI O El [7] had been discussed. Based 

on the topological basis [HI [H [10] the 4-dimensional braiding operators were mapped 

onto 2-dimensional ones (TJ |9] . We had shown that the two types of braiding matrices 

are related to the extremes of Li-norm of Wigner's D-function[l . Especially the 

2-d braiding matrix corresponding the Bell basis (the type-II) is connected to the 

maximum of the Li-norm, whereas the permutation and extensions (the type-I) to 

the minimum. It hints that the Li-norm should relate to the quantum information. 

It is natural to extend the discussions in the Ref. [1^ to the solution of YBE with three 

distinct eigenvalues. Among them, the most important ones belong to Birman-Wenzl- 

Murakami algebra [TH [121 [13] (BWMA) . As is well-known that the forms of braiding 

matrices with three distinct eigenvalues were given by references, say in [HI [15], and 

the connection with BWMA was shown in Ref. [T5^ for both standard and non-standard 

solutions. In parallel to the ref.[l , in this paper we shall firstly set up the topological 

base |ei), |e2), and lea) associated with BWMA, then map the 9-d braiding matrices 

to 3-d forms. The physical application of BWMA is raised through a familiar model 

which is different from the model discussed in Ref. [16 . We shall point out that in 

general the extremes of Li-norm of the D-functions {0 = 7r/2 and tt) are related to 

those of von Neumann entropy. We also take the spin-1 models as examples to favor 
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the statement. 

1. Topological Basis for BWMA 

For self-contain the BWMA relations have been given in the Appendix A through the 
graphs for three states. Denoting the eigenvalues of a braiding matrix S with three 
eigenvalues by Ai, A2, and A3, where S satisfies braid relation 

5'l2^23^12 ^23^125'23 (^1 = S12 = S ® I , S2 = S23 = I ^ S) (1) 

and without loss of generality by setting the eigenvalues of S to be Ai, A2 and A3 with 

AiA2 = -l, W = Ai + A2, A3=a (2) 

we have for S with three distinct eigenvalues. 

S-S-^ ==WI^ -{I -^WS- S^). (3) 
a 

Defining 

E=^{S'-WS-I) (4) 

(|3| becomes 

S-S-^ =W{I-E). (5) 

Where 5' and E occupy k — th and {k -\- 1) — th sites and satisfy the relations shown 
in Appendix A, i. e. they form BWM algebra. Noting that a loop takes the value 

d=l+^{a-' -a). (6) 
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Following the philosophy for T-L algebra to set up the topological basis |ei) and |e2) 

[8l[9], we shall find the uni-orthogonal basis |ei), |e2) and les) for S and E such that 
^i2|e^) = A^|e^) (/i = l,2,3) (7) 

with 

Sk,k+i = /\ and Ek,k+i = , ^ = lj = CD 

* A- k+I 



where the eigenvalues may be complex. The graphic expressions [T7 of BWMA 
are shown in Appendix A. To satisfy all the relations for BWMA the base takes the 
forms: 

|e3)=^"'|JU 

lei) =/.||j>y + ai|J_|J + AUU} (^ = 1'2) (10) 
In terms of the graphic calculations fTT it can be proved that the ([t]) together with 

{e3|ei) = 0, {ei\ej) = Sij (i,j = l,2), (11) 
lead to the constraints to the parameters a^, f3i and normalization constant fi'. 

ai = Xi (AiA2 = -l), a, + ftd = -a-^ (^ = 1,2) (12) 

and 

fi = {d(Af + l)[-\-^d-\a-' + Xi) + A-V + (13) 
for A* = A^(/Li = 1, 2, 3), i.e. = S (hermitian), whereas 

fi = {{d - 1)(A, + X-'){a + Xid + A-i)}i/2 (14) 
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for A* = A^^(/i = 1,2,3), i.e. S"^ = (unitary). The (12) takes the same form 
for S being hermitian or unitary. The only difference between hermitian and unitary 
consists in the different normahzed constants fi and the parameters being complex 
for = S~^. The proof can be seen in the Appendix B. 



2. Three-Dimensional matrix forms of ^12, ^235 ^12 and 523 for = S 



In terms of the uni-orthogonally topological basis the direct calculation gives the 3-D 
matrix forms of E and S acting on 1-st and 2-nd sites, 2-nd and 3-rd sites, respectively: 
{EA)f,u = (e^|^i2|e^) 

{EB)^u = {e^\E23\eu) (/i,^ = l,2,3) 

A^u = {e,^\Si2\eu) 



(15) 



where A represents the braiding between the 1-st and 2-nd sites, whereas B for the 
braiding between the 2-nd and 3-rd sties. The explicit 3-D matrix forms are shown to 



be(AiA 


2 = -l): 



















Ai 




Ai 




Ea = 





A = 


A2 




-Ar^ 


(16) 




d 




A3 




<J 
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Eb = d-\Xi+x^'y 



(Ai + Ar^)-Vr' 



-(Ai + Ar^)-i(/i/2)-^ /r' 



-(Ai + Ar^)-i(/i/2)-i (Ai + Ar^)-i/2-' -/2"' 



Ai + Ar^ 



(17) 



Ar'(A3(d - 1) - Ar') (1 - Ar'A3 - AiA3d)/rV2 ArVr 



(1 - Ar'Ag - AiA3d)/f V2 Ai(A3(d - 1) + Ai) 



A1/2"' 



ArVr' Ai/2-1 (Ai + Ar^)A3-i 

When Ai = q,X2 = —q'^^Xs = g"^, i.e. the standard braiding matrix given in [HKH], 
we have 



Eb 



d-\<P-d-l) -d-4(d2 -d- 1)5 d-\d^-d-l) 



-d-Hd^ -d-1)^. 



d-\d^ -d-l)i 



-d-i 



-d-i 



d- 



(19) 



q-^d-^d-l)-^ -q-^d-^d-iy^d^ -d-1)^ d-^q-^d^ -d-l)l 

B= -q-^d-^d-iy^d^ -d-1)^ {d-l)-\d-2) d-^q 

d-\-\d^ - d - l)i d-^q d-^q'^ 
The other relations can be sees in Appendix A. 

3. 3-D Topological Basis of BWMA for unitary S 

When S is unitary with q at root of unity, namely 



A* = A^"' (f.g. A = q*", q at root of unity, where m may be ± inegers), (21) 
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the basis reads (z = 1, 2) 

= h (U<jJ + «.|JJJ + ftUU 
(e,i = /;(|^+a*[p[|+/?rnn 

The matrix forms of E and S read 



(22) 
(23) 



-(Ai + Ar^)/rV2"' (Ai+Ar^)-2|/2|-2 _(Ai+Ar^)-i/2-' 



(Ai + Ar^)/r-^ -(Ai + Ar^)- 



,(24) 



Ea 



(25) 



523|ei)=d-i(Ai+Ar')-^- 



{ArHA3(rf - 1) - Ar']|ei) - (1 + A1A3 + K^\zd)hf^^\e2) + ArVr'les)} , 



.523162) =d-i(Ai + Ar')- 



(26) 



{(1 - Ar'As - AiA3d)/rV2|ei) + Ai[A3(d - 1) + Ai]|e2) - Ai/r'les)} , 



523|e3) =d-i(Ai + Ar')-'- 



{ArVr'lei) + Ai/2-^|e2) + (Ai + K')\^'\e:,)] . 
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The 3-D matrix form is found: 



A: 



Ai 



(27) 



B = 



X^^Xsid - 1) - Ar'] (1 - Ar'Aa - X^X^d)f{^h ArVf' 
-(l + AiA3 + Ar'A3d)/i/2-i Ai[A3(d-l) + Ai] Xif^^ 



-Ai/r' (Ai+Ar^)A3-i 



,(28) 



with 



■yS-S-^ = W{I - E) = W{I - E+) 
S't_(S'-i)t = W*{I-E'') 



-W{I-E^) 



(29) 



S-S-^ = Wil-E^i) 



i.e. E must be real. 



= Ai + A2 = Ai - Af ^ VF* = AJ - Aj-^ = -Ai + A^^ = -W. 



(30) 



Following Ref. [15^ for at root of unity it allows 'non-standard' braiding matrices, 
say, for Bn some of = and for the others = — g"^, then the general form of a 



IS 



a = A3 = g^ (|m| <2n). 



(31) 
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A1+A2 ^ ' q-q ^ 

^_sinma i-^) (32) 

sm a ^ N ' ^ / 



= 1 - Hg 

where \m\ is the difference between the positive power number and negative ones in 
the power of q in the third eigenvalues of 5* for the fundamental representations of Bn^ 
Dn and Cn- 

4. Spin-1 model associated with BWM algebra 

As was pointed out in ^lH [15] that for B^ algebra the corresponding braiding matrix 
5* has three distinct eigenvalues Ai = g,A2 = —q~^ whereas as the third one is given 

by 

A3 = <T = n % ' (33) 

k=l 

where Uk can be either q (standard solution) or —q~^ for nonstandard solution, so in 
general, we are able to take 

a = A3 = (34) 

where m can be arbitrary integers. To satisfy the spectral parameter dependent Yang- 
Baxter equation, the corresponding ^(x)-matrix takes the form [15] 

Ra{x) = (x - l){x - Xa)S + Wx{x - 1)E - Wx{x - Xa)I, a = a,b (35) 
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where W = q- q-\ Xa = -qcr'^ = -q^^-'^\ Xt = q'^a'^ = q-(^+^\ 



In order to obtain the rational hmit of the R{x) the type-I solution is given by 
Rbix) const ll - f ^ I S — / , 



(36) 



Under the rational limit and q ^ 1 we set h ^ for 

x = e^^ and g = e"^ (37) 



it leads to 

Rb{^)\h^o = const • { / + -5 77^^ I 1^=1 (38) 

that under the rescaling ^ ^ u becomes 

Rb{u)\h^o = R{u) = const • |/ + iiT - (^-^^^ ^} (39) 
where T = 51^=1, M = E\q^i, and /3 = 

Following the standard way of Baxter [4 the Hamiltonian can be given by 

Hk,k-\-l ^ ^^^^^-^\u=0 = ^/c,/c+l + ^^/c,/c+l (40) 

Here the k — th site has been indicated explicitly because T and M occupy the k-\h 
and (/c + l)-th sites. The Mk^k+i is a new term added to the permutation-like operator 
Tk^k+i due to BWMA. 

In particular when m = —3, i.e. <j = q~^ we have 

Hk,k-\-l = Tk^k+l — ^k,k+l (41) 
It is worthy noting that m = — 3 means the solution of YBE being "nonstandard" [15] 
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The M works in the block for Sz{k) + ^'^(A: + 1) = 0, where Sz{k) means the third 

component of spin-1 at /c-th site, or in terms of the basis for spin-1: 

Tk,i = |1, l>fe, u,i (1> 1| + M + I0'0)fc./ M M 

+ Il> 0)fe,, fc,, (0, 1| + |0, fc,, (1, 0| + |0, -1),, (-1, 0| 



(42) 



+ 0>fe, fe., (0, -1| + |1, -1>,, (-1, 1| + 1-1, l>fc, (1, -1| 
where the l^^, Sz)k,i represents the state which occupies k-ih. and /-th sites. In general, 

/ is not necessary to be /c + 1. 

Mki = |0, 0>fe, fc,, (0, 0| + ( |1, + 1-1, l)fc^, ) U,, (1, -1| (-1, 1|) 

+ e'^|0,0)fc,,(M{l,-l|+M(-l>l|) ("^^^ 

where if is real and = /, M| ^ = SM^^^i (i.e. d = 3, here the braiding matrix is not 
unitary), then T^^k+i and M^^^+i satisfy BWM algebra. It is easy to check that for 
spin-1 and / = /c + 1, in terms of 








1 


















1 













1 


, ^- = V2 


1 








and 5'3 = V2 
























1 










-1 



we have folowing Baxter [4], 

|w=0 — J^k,k-\-l — -l-k.k+l — ^^J-k,k+l — o k ' o k+1 



(44) 



for (/9 = TT. Therefore, for spin-1 

AT 

H = ^ Hk^k+l = ^ (^/c,fc+l — ^/c,/c+l) = ^ = ~^k'~^k-\-l (45) 



AT 



AT 



k=l 
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It is interesting to note that the Hamiltonian (45) is known weh for long time. 
Especiahy, it is not permutation operator, but plays role, say, in the Haldane 
conjuncture JTT . Here we have obtained k'~^ k+i) for spin-1 whose Hamiltonian is 
associated with BWM algebra. Furthermore, as a demonstration example we show 
how to solve the model with = 4 in terms of the topological basis given by ([9|, ( 10 ). 



Graphically the Hamiltonian can be expressed by the operators ioi N = A 

4 / y I |\ 4 

^ = ^E X -|—| =^E(^w-^fc,fc+i) (46) 



fe=i 

Its 9-d representation is given by acting the operator ^ on 9-d basis. Whereas acting 
(46| on the 3-d basis (|9]),([l0| for m = -3, we find 

Jf\ei) = I (-3|ei) + \/l5|e2)) 

lea) = I (yi5 |ei) - 9 jea) + 4V3 \es)) (47) 

M'\es) = I (4\/3|e2)-12|e3)) 

The can be diagonalized in terms of the eigenstates \g^): (/i = 1, 2, 3) 

Jf\g^) = E^\g^) (48) 



where 



El = -6 J, E2 = -2 J, Es = 



and 



fli) = (|ei) - Vl5 |e2) + leg)) 
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\92) =^(v^|ei)-V3|e2)-2|e3)) 

b) =^(V5|ei) + V3|e2) + |e3)) (49) 

How to extend the approach to any N by using the topological basis more than four 
sites to solve the eigenvalues problem with the help of topological basis is far be- 
yond the current discussion. Here we only discuss a four spin— 1 model which may be 
a hint to look for how to solve the A/'-site chain problem based on the topological basis. 



5. Four Spin Model 



The relations (42) and (43) are defined for any k and To obtain the Hamiltonian 



(44), the nearest neighborhood has been imposed through putting / = /c + 1. However 



for any i and j, the operator Sij can be recast to 



Sk,i = |i, ki (i> i| + ki (-1. -i| + |0, 0)fc, (0, 



1. 0)fc, (0, 1| + |0, l>fc, (1, 0| + |0, (-1, 



+ 1-1,0),, (0,-11 . 



(50) 



It can be checked in terms of (42), (43)and (50), it holds for any i and k: 



■ tk = Ti.k - Mi. 



(51) 



where at any z-th site, 



5+ = ^/2(|l)(0| + |0) (-11), 
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5_=\/2(|0) (ll + l-l) (0|), 

53 = |1)(1|-|-1)(-1|. (52) 



Noting that (51 ) is valid for any i and k. Because Si = Si{Si + 1) = 2 and total spin 

/ AT \ 2 AT AT N 

/ i=l i^j i<j 



for N = 4 we have 



= 2iV + 2 ^{Tij - Mij). (54) 

i<j 

There appear the additional terms other than (T^^^+i — M^^i+i), i.e. the term 
(Ti3 - Mis) and (T24 - M24). Taking into account of 

(Ti,3 - Mi,3) \gk) = (T2,4 - M2,4) \gk) , (55) 

we find 

2 

^(^i,i+2 - Mi,i+2) \gk) = l^k \9k) (56) 

2=1 

where /ii = l,/i2 = —1, Ms = —3, {k = 1,2,3) and 

4 4 2 



(57) 



2(4 + ^feJ-i+2Mfc)|5fc) 



Substituting M8| and (56) into J57|,we obtain for N = 4 



Ifffe) = \gk) (58) 

It is interesting to note that the topological eigenstates \gk) {k = 1, 2, 3) are spin 
singlet. From the point of view of Lie algebra, the direct product of four spin 1 can 
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be decomposed to 5 subspaces; however, only the singlet with multiplicities three is 

the eigenstates of Jif for N = A. 



6. D'^^, (6^ if) function as the N-dimensional solutions of YBE 



The Yang-Baxterization (parametrization) of N x N braiding matrices can be made 
in the standard way, say, following Jimbo, Jones, and others • • • [HI [191 [20] . For NxN 
YBE there is another way to introduce spectral parameter to a given braiding matrix. 



The basic idea comes from the Wigner D-function 



(59) 



rrt = (sin (/p, — COS (/:?, 0), = (sin6>cos(/9, sin^sin(/9, cos6>), n = — tan-e (60) 



It can be proved that 



D\0i,O)dJ{02, 'p)D\83, 0) = D-^(^3, yy)DJ{d2, Q)D\ei,^) (61) 



provided it holds 



cos = - 
^ 2 



tan ^ + tan ^ - tan ^ 
tan |l tan ^ tan ^ 



(62) 



When l9i = 6>2 = 6>3 = 6>, (62) reduces to 



cosO 
1 — cos i 



(63) 



which is the condition that (62) reduces to braid relation. Denoting by 



A{0) = 0^(0,0), Bie,ip) = D^{e,ip) 



(64) 
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Ai0,)Bi02, ip)Ai0s) = 5(^3, ip)Aie2)Biei,ip) 



(65) 



A{x)B{xy)A{y) = B{y)A{xy)B{x),cose ■ 



(1 - ^) 
V2(l + x2) 



(66) 



is satisfied under (62) . 



The examples for = 2 had been given in the ref.[l]. Here it holds for any 



(2 J + 1) -dimensional representations. 



Let us condiser spin-1 example. The D^{0^(p) takes the form [21] 



1+cos 6 sin ^ — icp 1 — cos ^ — 2iip 

2 V2 2 ^ 



sm 6/ ^2cp 



COS ( 



sm 6/ 



1— COS 9 ^2iLp sin icp 1+cos 6 

2 ^ x/2 2 



The 3-d braiding relation is given by 



(67) 



A{e)B{e,ip)A{e) = B{e,ip)A{e)B{e,ip) 



(68) 



where 



COS(/P 



cos6> 
1 — cos i 



(69) 
(70) 
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For the type-I, i.e. for = 27r/3, 6> = ±7r in (67), after the unitary transformation, 



(67) becomes 



1 



Ai = V^A{e = tt)V = 



0-10 
1 



111 

2 72 2 



v = 



V2 



El = V^B{e = -TT, = 27r/3) V 



_1 A_ 

( \ 

1 iV6 -3 



V2 



-3 i^/l 1 
On the other hand, for = 5 on substituting 



V 



(71) 



(72) 



into (16) and (18) the (3 x 3) matrices A and B given by the topological basis and on 



account of 



1-8, /l = [2^(^-3)]^ /2 = [2^(^-1)]^ 



we obtain for 5 = —3 

/ \ 

q 



( \ 

1 -\/6 3 

-V6 2 V6 

3 1 



(73) 



(74) 
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that under similar transformation becomes 

/ 

1 iVe 



\ 



-3 ^^^^ 1 



Tt 



/ \ 

1 

i 



0-1 



(75) 



(75) is identified with (71). Namely, as was pointed out for 5^ = 5 that the type-I 



(3 X 3) braiding matrices based on the topological basis are the same as those given 



by D^{0,(p) with (p = ^,0 = ±7r. 



For the type-II, i.e. (p = ±7r/2, 6 = ±7r/2 with the same transformation V as 



given by (71) the I^^-function gives 

/ 



A = 



V 



-i 
1 
i 



B = 



V 



1 -V2 1 
V2 -V2 
V2 



(76) 



/ 



On the other hand, for = S ^ the (3 x 3) braiding matrices (27) and (28) based 



on the topological basis and on account of 



Ai = e^-/^ A2 = -Ar' = -e-^-/^ A3 = a : 



327r/4 



(77) 



are equal to (/i = = ^) 



-i 



_ 1 j_ 1 
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1 



V 



i 



T^BuT 



I 



V 



1 


1 


1 


2 


72 


2 


1 





1 


^/2 


72 


1 


1 


1 


2 


72 


2 



(79) 



/ 



(79) are the same as those given by i^^-function, subjecting to the unitary 



transformation V for the type-II as shown in (76). 

In short conclusion it turns out that the Yang-Baxterization for {N x A^) YBE 
takes the different way from the (iV^ x A/"^) representations. The resultant solutions of 
YBE are simply the Wigner's I)^-functions. When Oi = O2 = Os = 6 it reduces to the 
braiding matrix. Two examples for spin-| and spin-1 have been checked in Ref.[l] and 
in this section, respectively. However, the explicit correspondences between {N x N) 
and (7V^ x N'^) braiding matrices for any J for type-II are still a challenge problem. 

It is emphasized that the Yang-Baxterization for {N x N) solutions of YBE 
through the D-function is a quite new parametrization way based on the topological 
basis in different from Refs.fMl. 



7. Relationship between Extremes of Li-norm of D-function and von 
Neumann Entropy 



As was pointed out in Ref[l] that the extreme of i^-^- functions may take multiple 
values for the different j with 2j + 1 components. However, for any half-integer j 
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(also for j integer, but = should be excluded, obviously) there exist the common 
maximum = ±7r/2 and minimum = ±7r. The Bell basis can be regarded as a linear 
combination of the natural basis |V^o) = (| tt)? I it)^ I ti)^ I ii))^? i-^- subject to the 
rotational transformation with = 7r/2 ^24l[25]. In general 



where |^o) is an (2j + 1) vector serving as natural basis. For j = 1/2, |^o) = |^) 
and |^(±7r/2, ±7r/2)) stands for the Bell basis [24l|25] which possesses the maximum 
of entanglement. For any other than ±7r/2 (the maximum of Li-norm of D^^'^iO))^ 
it decreases the entanglement. We naturally think the extreme of D-function should 
indicate the entangling degree. One of the descriptions of entangling degree is von 
Neumann entropy. We should show that the extreme points of the entropy and Li- 
norm of D-function shares the common ^-values. The von Neumann entropy is defined 



where p is the reduced density matrix of a quantum state. Following the YBE in 
(2J + 1) dimensions the Schmidt decomposition of a entangled state in (2J + 1) 
dimensions, (i.e. acting on topological basis) \^{6^Lp)) can be written in the form for 
a fixed m: 



\^{e,^)) = Di{e,^)\^o) 



(80) 



by 



S{p) 



Tr{p\og2P) 



(81) 




(82) 



m' 
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where m and m' take over = 2j + 1, and |a), \h) are "natural states". Since the 

reduced density operator of the subsystem a is 



and for a fixed m 

Sipa)<2\og,{y\dl,M) (84) 
the extremes of S{pa) are shown in the fohowing examples in comparison to the Li- 
norm, i.e. fm = Em' l^m'mWI- 

Example: When = ±7r, the bipartite state is a direct product sate which is 
separable, therefore S{pa) and / arrive at their minimum value simultaneously and the 



equality of (84) holds. When = ±7r/2, |<^L^x%i/2l ~ 1^1/21/2! ~ ^/V^^ bipartite 



state reaches the maximum of entanglement. We have S{pa) = 21og2 / = log2 2 = 1 



shown in Fig.l and Fig. 2. 




Figure 1. 



Example 2: j = 1, m = ±1 
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Figure 2. 



When = ±7r, the state is a separable, S{pa) and / arrive at their minimum value 



simultaneously and the equality of (84) holds. When = ±7r/2, S{pa) and / reach 



their maximum value simultaneously. Of course, the maximum value of Yl'm l^m'ml 
not the same as of S{pa), since S{pa) < 21og2 / < log2 3, but both of them occur at 



= ±7r/2, see Fig.3 and Fig.4. 




Figure 3. 



The explicit forms of the common minimum = ±7r and maximum = ±7r/2 for 
both Li-norm of \dl^,^\ and S{ga) for j = 1, 3/2 can be seen in Appendix E. 

Next, the Fig. 5 shows the derivatives of S{pa) and / with respect to 6. The zero 



points correspond to the extreme points of S{pa) and /. Except the two common zero 
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Figure 4. 

points = 7r/2 and tt, other four zero points of S{pa) do not coincide with the zero 
points of /. 



3 






— f'm 

— sm 
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Figure 5. 

In general, we can prove that S{p) and / always share the same common extreme 
points 6> = 7r/2 and tt in the period [0,7r] for arbitrary j and m (m=0 is excluded). 
Firstly, let's consider the case of ^ = tt. Because d^^,^{7r) = ( — 1)-^+^ Sm' -mi we have 
d^_^^{7r) — {—iy~^, ^m'm ~ ^ 7^ arbitrary m, and it exactly denotes 
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a separable state. Therefore S{pa) and / both take the minimum value at ^ = tt, and 



^(Pa)|,=,=21og2/(7r) = 0. 



(85) 



When = 7r/2, we have [2T] 



C™(2) = ±(-1)'"' ^--'"^(2)' 



(86) 



and 



de ™ 



(87) 



In Ref.[T], it had proved that the Li-norm of D-functions reaches the extreme value at 

6> = 7r/2. We just need to prove S(^Pa) also to have extreme at ^ = 7r/2. Considering 

3 



d d ' 



va'=-j 



(88) 



d 



^0,(2j mod 2)^0m^^log2 {\d^rn'm?) 



hence when 2j is odd, ^o,(2jmod2) = thus = 0. When 2j is even, 



according to Eq. (86), we have 



i.e. d^^-^d^^ = 0, therefore ■^S{pa)\g_2r_ = 0. To sum up, ^ = 7r/2 is the common 
extreme points of S{pa) and /. 

8. Conclusion Remarks 



Similar to the standard strategy of the construction of the 2-D topological basis for 
TQFT associated with Temperley-Lieb algebra ^ HJ [3l [3 |9] , the extension has been 
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made to construct the 3-D basis for BWM algebra. The point is to introduce the 



basis ([9]) and (10), then ah of the 3-D representations of S'12, S'23, ^12 and E23 can be 
shown in terms of the graphic technique [17 that yield the 3-d representations of the 
corresponding braiding A^B and ^-operations. For both S"^ = S and 5^ = we 
have given the explicit matrix forms of them in the Sec. |2]and Sec. [3] In comparison 
with the case of TLA now the £^-involved relations appear. Matching for the Si2^ S23, 
E12 and in 9 X 9 matrix form the corresponding A, 5, Ea and Eb have been 
found in 3 X 3 matrix forms that are nothing but the natural extension of 2 x 2 matrix 
forms for TLA. 

The physical meaning of the TQFT associated with TLA has been well established 
[Hill [To]. However, the physical meaning of the counterpart for BWMA deserves to be 
explored in the future. In ref [16 a physical model was proposed, but here we present 
a different approach. As for the interaction model arisen from BWMA it deserves 



more discussions. The connection of (45) with BWMA has been shown for spin-1. 



How to solve the model for any N based on the 3-D representation in terms of the 
topological basis is an open problem. 

More interesting point should be emphasized. We have shown that the Li-norm 
of I)-^ -function and von Neumann entropy share the common maximum and minimum 
points of ^, i.e ±7r/2 and ±7r, respectively, as least for any half-integer j. As was proved 
that (6^ ip) are {2j — d solutions of YBE. The connection of the extreme points 
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for both the Li-norm of and von Neumann entropy explores the deep meaning of 

Li-norm in Quantum Mechanics. It also happened in other model [26]. It describes 

quantum entanglement in the quantum information. The reason is that braiding 

operation is very natural to describe entanglement for two particles. Because the 

entanglement only exists in the interaction between "particles" A and B themselves. 

An intuitive explanation of {N x A/')-dimensional braiding can easily be made in terms 

of I)(6>, (/p)- function. Suppose two parallel lines along Z axis (time pointed) represent 

A and B at the site 1 and 2, and form X — Z plane. In the spherical coordinates an 

entanglement between A and B occurs by over crossing the two lines with angle 6. 



The (63 ) is to fix ip for a given 0. Different also gives rise the rotation oi X — Z plane 
about Z axis by if. The = it/2 means that the two lines are perpendicular to each 
other locally at different Lp. Whereas = ir means parallel to each other. The former 
corresponds with the maximum entangled state and the later with decomposable one, 
i.e. disentangled. Since YBE is the factorization condition of multi-body S-matrix to 2- 
body scatterings. We look over the facts such as factorization of S-matrix, topological 
basis, D-function, Li-norm and von Neumann entropy. Now all of them have been 
connected within the frame work of YBE for quantum information, especially for the 
entanglement. 
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For the self-contain we list the graphic expressions for the later use. The BWA reads 



S = y(^, S-^ = ^ = 1=1 (operators) 



SiSi±iSi — Si±iSiSi±i 



EiEi±iEi = Ei^ Ef — dEi 



EjSi — SjEi — aEi 



Si = Ei = Ei_^ 



Si2K) = XM (/i = l,2,3) 



The (A. 2) reads graphically as 



i+l i+2 i i+1 i+2 

and the E takes the simple graph and satisfies T-L algebra 



All the other relations can then be expressed in terms of the graphs. Say, 
EiEij^iEi — Ei^ E^ — dEi 



SiEi E^Si o'Ei 

I ' = I 1 = cr' 



(A.l) 
(A.2) 
(A.3) 
(A.4) 
(A.5) 
(A.6) 



(A.7) 



(Ai 



(A.9) 
(A.IO) 
(A.ll) 
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T - 1 



+1 



Y 



I — I. 
I rn 



rn In 
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(A.12) 

(A.13) 
(A.14) 
(A.15) 
(A.16) 
(A.17) 
(A.18) 

(A.19) 
(A.20) 



The dependent relations EiSi±iEi = a ^EiEi±iEi = a ^Ei can also easily be 



expressed in terms of the similar graphs. 



It can be checked that all of Ea,Eb,A and B obey BWM algebra in 3-D 



representation: 



ABA = BAB 



EaEbEa = Ea 



EbEaEb = Eb 



(A.21) 
(A.22) 



■^A ^Ea-, Eq — dEB 



(A.23) 
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A- A-^ = W{I - Ea) 
B-B-^ = W{I-Eb) 

AEa = EaA = gEa 

BEb — EbB — oEb 
and other dependent relations: 



EaBA = BAEb = EaEb 
EbAB = ABEb EbEa 

AEbA = B-^EaB-^, BEaB = A-^EbA-^ 
AEbEa = B-^Ea, BEaEb = A-^Eb 
EaEbA = EaB-\ EbEaB = EbA-^ 



Appendix B. Proof of (12) 



The basis |e^) is defined by ([7|), so 

^I2£^i2|e3) = crEi2\e'i) = d • 6'i2|e3) 



5'i2|e3) = cries) {a = A3) 
For z = 1, 2 (no sum over repeating indices) 

Si2\ei) = h I I U I + i {SA I + ^ 1 U I - "^UU + '^'^UU 
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In order that \ei) are eigenstates for 5'i2 it should hold 

a~^(l + aiw) = OLi 

a~'^{a/3i - aiw) = pi. 

We then have 

ai + pid = + p2d = -CF~^ (B.4) 



Pi = -d-\(j-^ ^ \,) (B.5) 
Because of C/' = cr| | {cr = A3), = cr-^| |, it holds {i = 1, 2) 

= Vi + Olid + ft^i^) = 



where (i = 1 + ^ ^ ^ , = and (B.5) have been used. Substituting (B.5) into (10) 
the basis |e^) take the forms 

\ez)=d-^\_\\_\ (B.6) 

\ei) = fi (|_JxU + A» | U I + (<^"' + ^OUU) (B.7) 
The relations for BWA in the Appendix A have been used. 

To verify (ei|ej) = Sij we have to distinguish two types of the braiding matrices 
from each other for S"^ = S (Hermitian) and 5'"'' = (unitary), respectively. 

(a) For = S there are 

(|_jXjJl|_l^) = d[{a-^ - ct)W + d] (B.8) 
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(|j><jJl|JJJ)=^rf (B.9) 

After calculation we find 

(^e^\e^) = d[{(j-^ -(j)W + d] + Wad+{Pi+ p2)(T~^d (B.IO) 

+ (Ai/32 - /3iA2)d + (A1A2 + Pip2)d^ (B.ll) 

= d{cj-\W + + \2li1} = (B.12) 



The (ei|ei) = (e2|e2) = 1 leads to (13). 



(b) For S't = S-^ we have (i = 1,2) 



{ei\=f* 



(B.13) 



Y\\ \ =Si \ U | , and (ei|e2)=rq] = d^ 

Now ai = j3i are complex and A* = that gives 

(B.14) 

= fl fjd {d + a^CT""' + Pj{a* + a) + aja*d + a* a} 

(eilea) = fif2d{-X2Wd + X2W + X2ia-^ - (t)} = (B.15) 
fi= [(d-l)(Ai + A-i)(a + A,d+A-i)]"'/' (B.16) 

Appendix C. Derivation of 3-D matrix forms of braiding matrices 

For = S {i = l, 2) 

Ei2\ei) = h M {|3<U + ^ I U I + ^UU} (^-1) 

= dfi{a-^ +I3id + Xi)\e:i) (C.2) 
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(eal-Eialea) =d (C.3) 

E2z\ei) = h{cj + \id - d-\a-^ + A^)} (Ai - Aa)"^ {/r'|ei) - f2^\e2) + leg)} (C.4) 

i?23|e3) = d-' {(Ai - A2-i)-i(/ri|ei) - f^'\e2)) + \e^)) (C.5) 

S2z\ei) =fi {(Ai - A2-i)-Vr'[(Ai - W)X3 - {W + /3i)X2]\ei) 

+ (Ai - \2)-'f2'[iW + mi - (Ai - l^)A3]|e2) (C-6) 

+[{W + A)A3 ^ + (Ai - W)\3 + d] lea)} 

.523163) = d-^ {(A2 - Ai)-i[A2/r^|ei) - Ai/2-i|e2)] + X^'le^)} (C.7) 

Obviously the base |ei), |e2) and jes) form a closed set for the operations S and E. 
For S-t = (i = 1,2) 

^23|ei) = Ma + /3i + Airf)(Ai + X^'y' {/r'|ei) - f2'\e2) + (Ai + Ar')|e3)} (C.8) 

i^23|e3) = d-i(Ai + Ar')-^ {/r'lei) - /2-'|e2) + (Ai + Ar')|e3)} (C.9) 

Appendix D. Acting braiding operations on the topological basis 



From ([6|-(13) it follows that d = 3 and for m = —3 as well as g = 1 (for S = S^) we 
get: 

'^^ 271'*^^ 2^1'^^ = 1,Q^2 = -l,/^2 = 0, (D.l) 

and 
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that leads to: 

Ti2|ei) = r34|ei) = |ei), Tisles) = T^A^2) = -|e2), Tisleg) = T34|e3) = leg) (D.3) 

Mi2|ei) = Ms4\ei) = 0, Misles) = Ms4\e2) = 0, Misleg) = M34|e3) = 3|e3) (D.4) 

T23\ei) = T34|ei) = i(|ei) - Vl5|e2) + 2V5\es)) (D.5) 

T23|e2) = T34|e2) = i(-A/T5|ei) + 3|e2) + 2Vs\es)) (D.6) 

T23|e3) = T34|e3) = ^(2V^|ei) + 2Vs\e2) + 2\es)) (D.7) 

M23|ei) = Mi4|ei) = ^(5|ei) - vT5|e2) + V^\es)) (D.8) 

M23|e2) = Mi4|e2) = ^(-VT5|ei) + 3|e2) - V3\es)) (D.9) 

M23|e3) = Mi4|e3) = ^(\/5|ei) - ^/3|e2) + |e3)) (D.IO) 



Appendix E. More Examples for the coincidence of extremes of and 
von Neumann entropy 

Example 3: j = 1, m = When = zLtt, the state is separable, and S{pa) = 21og2 / 
arrive at their minimum value simultaneously. The point = ±7r/2 is both the local 
minimum point of S{pa) and /, however, S{pa) < 21og2/. In addition, S{pa) and / 
shares another two common local maximum points in the period (0,7r], and the two 
common maximum points both correspond to the maximally entangled state, therefore 
S{pa) = 21og2 / = 21og2 3 at the two points. See Fig.El and Fig.E2. 
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Figure E2. 

Example 4: j = 3/2, m = ±3/2 

When = ±7r, the state is a separable sate and S{pa) = 21og2/ reach 
their minimum value simultaneously. When = ±7r/2, S{pa) and / reach their 
maximum values simultaneously, however both the values are not the same because 
S{pa) < 21og2 / < log2 4 = 2. See Fig.E3 and Fig.E4. 

Example 5: j = 3/2, m = ±1/2. When 6 = ±7r, the state is separable, and 
S{pa) = 21og2 / arrives at the minimum value. The point = ±7r/2 is both the local 
minimum point of S{pa) and /, with S{pa) < 21og2 /. It is worth noting that S{pa) 
and ii norm / both have other four local extreme points, in the period (0,7r). It is 
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Figure E3. 
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Figure E4. 

shown in Fig. and Fig. ^6. 




Figure E5. 




Figure E6. 



